The performance of many control tasks with Rydberg atoms can be improved via suppression of the motion-induced dephasing between ground and Rydberg states of neutral atoms. The dephasing often occurs during the gap time when the atom is shelved in a Rydberg state before its deexcitation. By using laser fields to induce specific extra phase change to the Rydberg state during the gap time, it is possible to faithfully transfer the Rydberg state back to the ground state after the gap. Although the Rydberg state transitions back and forth between different eigenstates during the gap time, it preserves the blockade interaction between the atom of interest and a nearby Rydberg excitation. This simple method of suppressing the motional dephasing of a flying Rydberg atom can be used in a broad range of quantum control over neutral atoms.
I. INTRODUCTION
The study of Rydberg interaction has drawn intense interest in recent years due to its applicability in quantum information [1] [2] [3] and quantum optics [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Unfortunately, Rydberg excitation is usually achieved via using lasers, but nothing is static in this world so that even if an atom is cooled to the order of 10 µK, its root-meansquare (r.m.s.) velocity v rms along the laser propagation direction is still too large as seen by the atom and the photon interacting with the atom. This motion induces significant dephasing characterized by v rms and the effective wavevector, k, of the Rabi frequency of the Rydberg lasers. The larger k and v rms , the more severe the dephasing. To minimize the dephasing, the excitation of an s (d)−orbital Rydberg state is achieved via a twophoton transition with the lower and upper laser fields propagating in opposite directions. However, it still leads to a k of several times 10 6 m −1 if the element used is 87 Rb or 133 Cs, as frequently adopted in experiments [14] [15] [16] [17] [18] [19] [20] [21] [22] . This leads to a 1/e dephasing time ∝ 1/(kv rms ) [14, [22] [23] [24] of only several microseconds in typical experimental setups [4, 14, 15, 22, 24] . Although a method is given in Ref. 25 for a Doppler-free three-photon transition between ground and Rydberg states of a rubidium atom, to the best of our knowledge, however, there is no theory for suppressing the dephasing in the usually adopted two-photon transition [14] [15] [16] [17] [18] [19] [20] [21] [22] .
The difficulty of eliminating the motional dephasing lies in the implementation of the same quantum control (usually by optical pumping) for all atomic velocity, v, in spite of the finite distribution of v along the light propagation. The effect of this velocity distribution on the quantum control is analogous to inserting a linear process in a random precession which leads to fast dephasing. To exacerbate the problem, a gap is usually inserted between the excitation and deexcitation of the Rydberg state [9, 10, 15-18, 20, 22] , resulting in rapid dephasing. To eliminate this detrimental dephasing, a useful protocol should tailor the effect to each given v, but this seems exceedingly challenging since the same protocol should be implemented for all possible v.
In this work, we provide a general theory for suppressing the motional dephasing in a two-photon groundRydberg transition. Our theory is applicable whenever a gap time exists or can be inserted between the excitation and deexcitation of the Rydberg states, and is based on a basic property of the Doppler dephasing in the groundRydberg transition: it originates from a regular phase shift of the atomic state, where the phase change is linear in v and the time of optical pumping. With an appropriate ratio between the amplitude and wavevector of the Rabi frequency of the laser fields, the atomic state not only can return from Rydberg to ground state, but also undo the drift-induced phase twist. This simple method for suppressing the motional dephasing can be used for many quantum control tasks with Rydberg atoms.
We describe our theory for a three-level system with a ground state |g and two Rydberg eigenstates |r 1(2) in a heavy alkali-metal element like 87 Rb and 133 Cs. Here, |r 1 and |r 2 denote two different s (d)−orbital Rydberg states with principal quantum number of, for example, 100. Our method is implemented using three pulses: a π pulse, a 2N π pulse, and then a π pulse, where N is an integer; the scheme is shown in Fig. 1 . The theory can be understood by observing the phase change of the atomic state of an atom with a drift velocity of, e.g., vz; we assume that the drift along x and y does not change the Rabi frequency during the timescale of interest [26] so that only the atomic coordinate along z is relevant to the problem. If the atom is initially at z 0 and in the internal state |ψ(0) = |g , a π pulse with the Hamiltonian
will take the atom to the Rydberg state |ψ(t) = e iϕ1 |r 1 at t = t π ≡ π/Ω 1 , where Ω 1 is the magnitude of the Rabi frequency (similar for Ω 2 below). It is easy to show that by FIG. 1 . A π − 2N π − π protocol for removing the motional dephasing of a Rydberg atom in free flight. Starting from the ground state |ψ(0) = |g , a π pulse for the transition |g → |r1 takes the atom to |r1 , followed by a 2N π pulse for the transition |r2 ↔ |r1 . A final π pulse restores the atom to the ground state. The motional dephasing is suppressed if kw/k = 2 + Ω2/(N Ω1) and v ≪max{Ω1/k, Ω2/kw}. |e1 and |e2 are low-lying intermediate states for the two-photon transitions |g ↔ |r1 and |r2 ↔ |r1 , respectively. The solid lines denote atomic eigenstates, while the dashed lines indicate that the |e 1 (2) states are largely detuned so that they are barely populated.
|v| ≪ Ω 1 /k, we find that ϕ 1 is given by
If we cease the optical pumping of Eq.
(1) at t = t π and switch on the following transition
for a duration of t w = 2N π/Ω 2 , the state evolves to |ψ(t) = e iϕ2 |r 1 at t = t π + t w , where
where N is a positive integer. One can show that by switching off Eq. (3) and switching on the pumping of Eq. (1) for another π pulse, the state becomes |ψ(t) = e iϕ3 |g at t = 2t π + t w , where
The above equation means that as long as there is a physical solution to
ϕ 3 becomes exactly π or 2π and thus one has removed the effect of the random velocity in the optical pumping process, i.e., the Doppler dephasing. In the derivation above, we have assumed both Ω 1 and Ω 2 to be positive, thus any k w /k that is larger than 2 can satisfy Eq. (6). Because the transitions |g ↔ |r 1 and |r 2 ↔ |r 1 are realized by two-photon excitation, their intermediate states, |e 1 and |e 2 , determine k w /k. Fig. 1 ) for achieving kw/k > 2 so that Eq. (6) can be fulfilled. Here k = 2π|λ
lower |, where λup and λ lower are the wavelengths of the upper and lower transitions [see Fig. 1(a) ], respectively, and kw = 4π/λw, where λw is the wavelength of the laser for the transition |e2 ↔ |r 1 (2) . Data are obtained according to Refs. 27 and 28 and Rydberg states with principal quantum number around 100 (lower states can also be used). we consider a rubidium-87 atom where the 5P 3/2 state is used as the low-lying state for the two-photon transition between the ground state and a Rydberg state with a principal quantum number around 100. The wavelengths of the lower and upper laser fields are 780 and 479 nm, respectively, giving k = 5.06 × 10 6 /m. The condition One common feature in Fig. 2 is that, if we ignore the population error in |r 1 , the phase of r 1 |ψ(t π ) is exactly given by Eq. (2). However, our task is to populate the Rydberg state and then depopulate it, thus the population error should be avoided. In the numerical simulation, we find that the population | r 1 |ψ(t π ) | 2 is greater than 0.99 when kv/Ω 1 ≤ 0.1, which corresponds to a threshold drifting velocity of v ≈ 0.12 m/s if Ω/2π = 1 MHz. This shows that high-fidelity control over a flying Rydberg atom is achievable even if the atom is relatively "hot" with a temperature of around 0.1 mK.
III. APPLICATION IN RYDBERG BLOCKADE GATE
To show that the above theory can be used in highfidelity quantum control, we take the example of the Rydberg blockade gate [29] , which maps the input states according to {|00 , |01 , |10 , |11 } → {|00 , − |01 , − |10 , − |11 }, where |αβ ≡ |α control ⊗ |β target with α and β denoting the qubit states 0 or 1. The original protocol consists of three pulses: (i) the control qubit,
pulse for the transition |1 ↔ |r 1 ; (iii) a final π pulse is used in the control qubit for |r 1 → |1 . The free flight of the qubits during the sequence imposes a severe Doppler dephasing [14, 22, 24] .
To suppress the dephasing, our π − 2N π − π pulse sequence can be used in both the control and target. To induce entanglement, N can be either odd or even for the control qubit, but can only be even in the target. The scheme is shown in Fig. 3 , where N is, for illustration, 2 for both qubits. The protocol in Fig. 3 maps the states similarly to the original gate. Before a numerical verification of the suppression of the Doppler dephasing, we first study the gate error from Rydberg-state decay below.
For brevity, we start from the analysis of the control qubit according to the pulse sequence in Fig. 3 . The gate duration is given by
according to Eq. (6). To minimize t gate for a given Ω 1 , it is better to use largest possible k w /k . Table I shows that k w /k can reach 5.3 which warrants a fast gate. Meanwhile, the π − 4π − π pulse sequence for the target qubit in Fig. 3 occurs during the wait time, t ∈ [t π , t π + t w ), i.e., within a duration of t w = t gate k/(k w − k). The fact t w /t gate = k/(k w − k) < 1 means that the Rabi frequency Ω ′ 1 used in the target qubit should be larger than Ω 1 by a factor of (k w − k)/k. As an example, we consider
which indicates that although a large k w /k warrants a small t gate , it requires larger Ω ′ 1(2) to work. Unfortunately, the dipole moment between |e 1(2) and |r 1(2) is small, so the two-photon Rabi frequencies Ω 1 (2) and Ω ′ 1 (2) can not be large. With rare exceptions [30] , they were smaller than 2 × 2π MHz in typical experiments [14] [15] [16] [17] [18] [19] [20] . Although a recent experiment has used Rabi frequencies up to 4.6 × 2π MHz [22] kv/Ω 1 (2) and kv/Ω ′ 1 (2) . The input states |01 and |10 are studied according to the pumping scheme in Figs. 3(a)  and 3(b) , respectively. The input state |11 , which involves Rydberg interaction, is analyzed below. During t ∈ [0, t π ), the transition |11 ↔ |r 1 1 occurs with Rabi frequency Ω 1 e ik(z0,c+vct) , where z 0,c(t) is the initial zcoordinate and v c(t) is the velocity of the control (target) qubit. The atoms are mainly in the state |r 1 1 but can also have some population in |11 at t = t π . During t ∈ [t π , t π + t w ), the |11 -component evolves according to the single-particle picture of Fig. 3(a) , while |r 1 1 is coupled with other states according to the following Hamiltonian
which is written in the basis {|r 2 r 2 , |r 1 r 2 , |r 2 r 1 , |r 1 r 1 , |r 2 1 , |r 1 1 }, where
ikw(z0,t+vtt) . The van der Waals interactions [34] are given by [V 11 , V 12 ,
6 , where L is the two-qubit spacing. In Eq. (9), Ω 2 is nonzero during the whole wait time, while Ω ′ 1 is nonzero during the two π pulses in Fig. 3(a) , and Ω ′ 2 is nonzero only during the 4π pulse for the target. After the wait time, the final π pulse of Fig. 3(b) is used in the control qubit, completing the gate sequence.
To show that our method is suitable for suppressing the motional dephasing, we choose a condition where the blockade error is negligible so that the rotation error is dominated by the residual Doppler dephasing, which is ensured by large blockade interactions. For illustration, we choose an s−orbital Rydberg state of 87 Rb with a principal value 99 (100) as |r 1(2) , where the C 6 coefficients are given by [C 6 (r 1 r 1 ), C 6 (r 1 r 2 ), C 6 (r 2 r 2 )]/2π = [50, 68, 56]THz µm 6 . For L = 8 µm, we ignore the change in V 11 , V 12 , and V 22 during the gate sequence arising from the atomic drift because the blockade error is insensitive to their change. As shown in Appendix A, we define the rotation error as in Ref. 35 , and calculate the expected rotation error, E ro , by averaging over 10 4 sets of atomic speeds (v c , v t ), where v c(t) takes 100 values equally distributed from −0.5 to 0.5 m/s because the atomic speed has little chance to exceed 0.5 m/s for T < 0.2 mK. The simulated E ro is shown in Table II with T = 10, 100, and 200 µK. For an unbiased comparison, Table II also shows E ro for a traditional gate with all Rabi frequencies equal to Ω 1 , the same wait time t w (i.e., the 2π pulse for the target is shorter than t w ), and a blockade interaction equal to V 22 . It shows that E ro in our gate is smaller than that in the traditional gate by 39, 14, and 8 times when T is 10, 100, and 200 µK, respectively. The rapid increase of E ro with T in our method arises from that k w v rms /Ω 2 is 0.048, 0.15, and 0.21 for T = 10, 100, and 200 µK, respectively, which confirms the condition of kv ≪ Ω for our theory as studied in Fig. 2 . Because the four Rabi frequencies used in Fig. 3 cannot be equal, if we restrict all of them to be below 2 × 2π MHz, some of them will be quite small so that the condition kv ≪ Ω can not be well satisfied. However, the qubits were usually cooled to around or below 10 µK in most recent experiments [19, 20, 22] , thus the theory in this work is sufficient for high-fidelity quantum control.
IV. CONCLUSIONS
In this work, we show a π − 2N π − π protocol for removing the motional dephasing in the ground-Rydberg transition of a neutral atom in free flight. It can be used, in principle, for excitation of any s or d−orbital Rydberg state via a two-photon transition. The protocol relies on a linear phase modulation of the flying atom in response to a transition between two nearby Rydberg states. It works well when kv is much smaller than the magnitude of the Rabi frequency, where k is the wavevector of the laser fields and v is a typical velocity of the atom. This condition is easily satisfied for atoms cooled to around 10 µK, where a high-fidelity Rydberg blockade gate is realizable because of negligible motional dephasing. This simple method for suppressing the dephasing paves the way to neutral-atom quantum computing with minimal technical resources and is applicable for many quantum control tasks with neutral Rydberg atoms. (2) ) and the Rydberg-state decay, the actual gate in the matrix form becomes,
where a and b can deviate from −1 due to Doppler dephasing, c can acquire errors from both Doppler dephasing and the finiteness of the blockade interaction, and the magnitudes of a, b, and c become smaller than 1 due to Rydberg-state decay. The fidelity error is then given by
Here the rotation error is [35] 
where U is evaluated by using the Hamiltonian dynamics with the Rydberg-state decay ignored, U = diag{1, −1, −1, −1}, and the Rydberg-state decay can be approximated by [33] 
where T r (ab) is the time for the input state |ab to be in a single-Rydberg state; the time for the input state |11 to be in a two-atom Rydberg state |r α r β throughout the gate sequence is tiny and neglected. If we let τ be the smaller of the lifetimes of the Rydberg states |r 1 and |r 2 , the Rydberg-state decay will be overestimated slightly. For the parameters in the main text, our estimate shows that the decay error is on the order of 10 −4 (10 −3 ) for qubits in a cryogenic (room) temperature of 4 (300) K.
The evaluation of the average rotation error, E ro , involves a two-dimensional integration over the distribution of v c and v t , both of which are sampled from the Maxwell distribution G (v). G (v) is Gaussian in one dimension,
where k B is the Boltzmann constant, T is the atomic temperature, and m is the mass of the qubit. Because of the constant drift of the two qubits, very small time step is required in the simulation for each v, and thus an accurate convergence of this integration requires long time of simulation. We approximate the two-dimensional integration by
where the sum is over 10 4 sets of speeds (v c , v t ), where v c(t) applies 100 values equally distributed from −0.5 to 0.5 m/s because the atomic speed has little chance to be over 0.5 m/s for T < 0.2 mK. We have compared results between the calculation by Eq. (A6) and a rigorous integration for shorter pumping time and found negligible relative error. By using Eq. (A6), the third row of Table I shows three rotation errors of the traditional gate, where the data with T = 100 and 200 µK matches well with the corresponding data of Fig. 3 of Ref. [24] , in which a similar wavevector of 2π(1/480 − 1/780)nm −1 was used. For T = 10 µK, the rotation error of the traditional gate in Table I is about 2 times larger than that in Ref. [24] . A likely reason is that, for colder qubits, the dephasing during gap time is comparable to that during the pumping time, while the estimate in Ref. [24] only accounts for dephasing during the gap time.
